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Goal
Rethink or revisit the numerical methods in order to get 
high performances on (General Purpose) Graphics 
Processing Units (GPU)

Scope of the talk :
 

Fluid-type Partial Differential problems on GPU
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1. NVIDIA GPU architecture
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 nVIDIA GPU FERMI compute architecture

Streaming 
multiprocessor (SM)

Scheduler & dispatch

Registers 
& L1 caches

(2*16)*16 = 512 cores

768 K

(schematic from Nvidia)
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Test hardware at CMLA

● PC Workstation with nVIDIA TESLA C2070
(nVIDIA Equipment Grant 2011)

● Gamer PC Dell Alienware, nVIDIA GTX 580M

448 cores, FERMI
6 GB Mem
250 W

512 GFlops Double Precision (peak)
1,03 TFlops Single Precision (peak)

384 cores, FERMI
2.0 GB DDR5 Mem

950 GFlops Single Precision (peak)
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Recent boards – Kepler family

NVIDIA GeForce GTX 690 (game)
● 2x1536 cores ! 300 W
● 8 streaming multiprocessors (SM)
● Memory bandwidth 192 GB/sec 
● MEM 4 GB (2048 MB per GPU)
● DRAM bus memory 512-bit GDDR5
● 2x1.8 Tflops SP, 2x130 Gflops DP

NVIDIA TESLA K20X (HPC)
● 2688 cores !
● 14 streaming multiprocessors (SM)
● Memory bandwidth 250 GB/sec
● MEM 6 GB
● 3.95 Tflops SP, 1.31 Tflops DP

http://www.nvidia.com/object/tesla-servers.html 

http://www.nvidia.com/object/tesla-servers.html
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2. GPU programming model
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Programming model : different abstraction levels

● Different APIs :

– CUDA thrust library API

– CUDA runtime API

– Driver API

● NVIDIA CUDA (Compute 
Uinified Device Architecture) = 
parallel computing platform & 
programming model

● Others : OpenCL, OpenACC

Higher
level
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thrust sample code (resembles the C++ STL lib)

Pretty easy to use, especially for parallel reduction, but if performance improvement
is needed, go to a lower abstraction level API (CUDA runtime)

http://thrust.github.com/ 

http://thrust.github.com/
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Basics of CUDA language 

● Define blocks of threads

● Define the number of threads per blocks

● Define device (GPU) kernel functions from callable by the host 
(__global__)

● Copy arrays from host-to-device and device-to-host

● __device__ : kernels calls from the device

● __shared__ : shared memory (by multiprocessor)

● Kernel call : my_kernel <<< nb_blocks, block_size >>> (..., ...);
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CUDA 
sample code
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3. Key factors of performance 
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Key factors of performance

● Multiprocessor occupancy

● Byte-per-flop ratio (mem bandwidth vs FP operations) 

● Memory management : registers, cache, coalesced read/write 
memory

● Warp divergence : be careful to trees of conditional branches

● Host-device PCIe bus bottleneck

● Load balancing, synchronization

● Data structures : Structures of arrays, arrays of structures, structures 
of arrrays of structures, accessors, hasch tables, specialized structs 
(float4) or data structures (textures), ...
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NVIDIA tools for occupancy optimization



 
F. De Vuyst – Journée Farman ENSC, nov 22 2012 

4. Impact on the choice of (suitable) numerical methods
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Impact on the choice of numerical methods

● Cartesian grids are preferred (grid of blocks, neighboring 
cell access)

● Time-dependent problems : explicit schemes are preferred

● Compact spatial stencils

● Uniform spatial stencils (memory access patterns)

● A change of model paradigm can be useful :

– Navier-Stokes → Lattice Boltzmann automata

– Fokker-Planck equations → Underlying stochastic differential 
problem → particle method, independent trajectories

– Vlasov equations → transport equations + pdf reduction
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Ex1 - Lattice Boltzmann methods for Navier-Stokes equations



 
F. De Vuyst – Journée Farman ENSC, nov 22 2012 

Lattice Boltzmann methods 

● A mesoscopic paradigm to model PDE problems

● A « smoothed » Lattice Gas automaton model

● Navier-Stokes case : based on a very simple approximation and 

discretization of the Boltzmann-type equation

References : [Qian, d'Humières, Lallemand 92], [Ginzburg, d'Humières, Krafczyk, 
Lallemand, 2002], [Chikatamarla, Ansumali, Karlin 06] [Tosi, Ubertini, Succi 06], 
[Brownlee, Gorban, Levesley 06], [Xu, Luan, Tang, Tao 09]
Finite Volume interpretation [Dubois, Lallemand 08]
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Lattice BGK model

Based on a simple discretization of the Boltzmann equation 
with BGK approximation for the collision term :

0 1

2

3

4

56

7 8

Relaxation toward some equilibrium...

Moments:
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Lattice BGK model

● Unknows

● LB equation

● Requirements

+ some galilean 
invariance conditions
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2D and 3D lattices & equilibrium distribution

Source : [A. Wagner 08]

D2Q9
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Practical implementation « stream-and-collide »

1. Stream step

2. Collision step
● Compute the moments

● Compute the equilibrium function
● Collision step :
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Connection with Navier-Stokes equations
(multiscale Chapman-Enskog analysis)

with

Artificial EOS:

Von Neuman linear stability 
analysis of LBGK scheme:

Requires : 
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Ex2 - Suitable Finite Volume methods (FVM)
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2. Finite Volume method for 2D compressible Euler 

equations

● Nonlinear hyperbolic conservative system

● Solutions generally develop discontinuities

● Numerical framework : (stable) conservative finite volumes
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Flux Difference Splitting (FDS) vs Flux Vector Splitting (FVS) methods on GPU

i) Send states at interfaces
ii) Computes numerical fluxes

iii) Send fluxes at cell centers
iv) Update states

FDS case
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Flux Difference Splitting (FDS) vs Flux Vector Splitting 
(FVS) methods on GPU

i) Compute FVS at cell centers

ii) Send F+ and F- to the

neighboring cells

iii) Update states

FVS case

→ FVS appears to reduce DRAM communications by 2.

[De Vuyst, Acta Applicandae Mathematicae, 2012, under revision]
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Technical aspects 

Q: arrays-of-structs (AoS) or structs-of-arrays (SoA) ?

U[i2d(i,j)].rho = …              // AoS
      // Coalesced memory for struct

U.rho[i2d(i,j)] = …              // SoA
// Coalesced memory for array
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Ex3 – Lagrange-remap eulerian transport solvers



 
F. De Vuyst – Journée Farman ENSC, nov 22 2012 

Lagrange-remap (LR) schemes
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Conservative reformulation
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Conservative reformulation (2)
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Conservative reformulation (3)

[De Vuyst, Fochesato, Loubère, Saas, Motte, Ghidaglia, CRAS Meca, submitted 2012]
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Remark

→ Large stencil method : restrained GPU performance because of lot of memory reads. 
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2D case
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Recent results

→ Expected far better performance on GPU.

Issue : higher order schemes with slope reconstructions, 
multimaterial problems with interface reconstruction, ...

The Lagrange-schemes have been modified in order to 
lead to reduced spatial stencils (paper in progress)
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8. GPU & DIGISCOPE equipex (display wall project)

Courtesy : Barco
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Expected use of GPU-accelerated CFD with DIGISCOPE

● [Industrial applications] Collaborative optimal placement of 
heat exchanger tubes into heat transport devices

● [Entertainment] Human embedding and interaction with 
scenes involving fluids (4-sensor tracking + kinect)

● [Life science] Real-time exploration into the parameter 
space of chaotic reaction-diffusion solutions (Gray-Scott 
equations)
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time for a demo ...



Thank you for your attention
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